EXPONENTIAL MAP OF A WEAK RIEMANNIAN 
HILBERT MANIFOLD 



LEONARDO BILIOTTI 

Abstract. We prove the Focal Index Lemma and the Ranch and Berger 
comparison Theorems on a weak Riemannian Hilbert manifold with a 
smooth Levi-Civita connection and we apply these results to the free 
loop space f2(M") with the (weak) Riemannian structure. 



1. Introduction 

As a preliminary step to understand the global geometry of a Riemannian 
Hilbert manifold Af, one studies singularities of its exponential map. Singular 
values of exp are the conjugate points in M. In infinite dimension, there exist 
two types of conjugate points: when the differential of the exponential map 
fails to be injective (a monoconjugate point) or when the differential of the 
exponential map fails to be surjective (a epiconjugate point). More generally, 
let be a submanifold of M such that \/p E N the tangent space at p of N, 
TpN, is a closed subspace of TpM. Singular values of the map Exp^ : T^N — > 
M, defined by Exp"'"(X) = exp(X), where exp is the exponential map of M 
and T-^N is the normal bundle of N, are called focal points: a monofocal 
point, when the differential fails to be injective, and an epifocal point, when 
the differential fails to be surjective. Clearly, the application Exp"*" is defined 
a priori only in an open subset which contains the "zero section", i.e. the 
subset {Op e T^N : p G N} C T^N. 

Let now {M, (■,■)) be a weak Riemannian Hilbert manifold with a smooth 
Levi-Civita connection V, whose existence is not guaranteed a priori. It de- 
fines parallel transport, curvature tensor R, geodesies and a smooth exponen- 
tial map. These manifolds have been intensively studied and they have found 
many diverse applications particularly in geometry, calculus of variations and 
mathematical physics (see |21,|Hl,|Zl,[ISl,|ini,|IHl,[in|,|2Il)- For example, 
see 12, El, ^nii Cni> any motion of a perfect fluid corresponds to a geodesic 
on the group of volume-preserving diffeomorphism of a compact manifold M, 
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which is the region fiUed with fluid, with respect to the weak Riemannian me- 
tric which is given by the inner product on each tangent space. Moreover, 
existence of conjugate points are related to stabihty of the fluid flows of M . 

An other important example is the free loop space il(M") of a compact 
manifold M", which is among simplest Hilbert manifold. This Hilbert mani- 
fold has been intensively studied and it has many diverse applications (see 0, 
|18j . j2()|). It has an metric that is a weak Riemannian structure, which 
induces a smooth Levi-Civita connection and a smooth exponential map. 

One motivation for the results presented here was the paper of Misiolek 
1181 where it was proved that for every s > 0, the exponential map of the 
H'' metric on the H'^°{S^, G), i.e. the set of Sobolev H''° maps from the unit 
circle into a compact, connected Lie group G, is a nonlinear Fredholm map 
of zero index while the exponential map of ri(SU(2)) with respect to the 
weak Riemannanian metric is not. 

Since the model space H, on which M is modeled, is a Hilbert space, it is 
possible to transport on the tangent space the structure of a topological vector 
space, that we will denote by r, given by the chart and this topology can be 
induced by a scalar product (see page 26). We assume that the curvature 
tensor i? is a trilinear continuous operator with respect to the topology r. 

Let iV be a submanifold of M such that for some p G N, TpN is a closed 
subspace of {TpM, r) and TpM = TpN®T^N. In this context, we shaU define 
the notion of focal point along a normal geodesic starting from p, which is 
equivalent to the usual one in Riemannian geometry. We shall prove the Focal 
Index Lemma, when there exist a finite number of epifocal points which are 
not monofocal along a geodesic of finite length, which generalizes the Index 
Lemmas, see page 24, in finite dimensional Riemannian geometry. As 
immediate corollaries we get the Rauch and Berger comparison Theorems. 

After formulating and proving the Focal Index Lemma, and its corollaries, 
we apply it, in Section 4, to the loop group ri(M"). We prove that a geodesic 
c : [0, b] — > S1(M") with length big enough has conjugate points and its index 
is infinite. A similar result can be proved for focal points of c(0) along c with 
respect to the geodesic submanifold defined by c(0). Then we analyze the 
case when M" = G is a non-abelian compact Lie group and we prove that 
its exponential map fails to be Fredholm. Moreover, we give an example of a 
submanifold N of f7(G) such that Exp-^ : T^N — > M, fails to be Fredholm 
as well. 

2. Exponential map on Hilbert Manifolds 

In this section we will recall some general results and well known facts. 
Our basic references are P), 53 ^^'^ El- 

Let M be a Hilbert manifold modeled on an infinite dimensional Hilbert 
space H. Recall that a weak Riemannian metric on M is a smooth assignment 
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to each point p € M of a continuous, positive definite, symmetric bilinear 
form p — > on the tangent space TpM. Note that TpM ^ H need 

not be complete as a metric space under the distance induced by {■,-){p). 
Consequently the existence of a smooth Levi-Civita connection V associated 
with a weak Riemannian metric is not immediately guaranteed. If, however, 
such a connection exist, it is necessarily unique. 

Throughout this paper we shall assume that M is a Hilbert manifold en- 
dowed with a weak Riemannian metric (•, •), and M will be called weak Rie- 
mannian Hilbert manifold. We further assume that M admits a Levi-Civita 
connection V, whose curvature tensor ii is a continuous trilinear operator of 
the tangent space with respect to the topology r. 

For any p £ M the exponential map exp^ : TpM — > M is a local diffeo- 
morphism in a neighborhood of the origin in TpM. The differential d(expp) 
can be computed using the Jacobi equation that is the linearized version of 
the geodesic equation. 

Let c : [0, b] — > M be a geodesic. A vector field J along c is called Jacobi 
field if it satisfies the Jacobi differential equation 

Ve^Va_^J{t)+R{J{t),cit))cit)=0, 

where V a denotes the covariant derivation along c. 
at 

It is well known that if c{t) = expp(to) is the geodesic starting at p in the 
direction v, then the vector field Y{t) — d{ex])p)tv{tw) satisfies the Jacobi 
differential equations with initial values Y(0) — and V a Y(0) = w. 

Tit 

Let be a submanifold of M and let c : [0, 6] — > M be a geodesic such that 
c(0) = p G N and ^ = c(0) e T^N, i.e. c is a normal geodesic of N. Suppose 
also that TpN is a closed subspace of {TpM,T) and TpM = TpNoT^N. This 
happens when iV is a submanifold of M defined by some vector v G TpM: 
N = expp(Se(Op)n < V >"""), where e is sufficiently small such that the map 
expp : B^{Op) — > M is a diffeomorphism onto the image. 

As in the Riemannian case, the Weingarten operator is given by A^{X) = 
—P(V x^{p)), where P is the projection of TpM onto TpN. Of course, the 
Weingarten operator is a linear continuous map of {TpAI, t) and symmetric 
with respect to (•, •). In finite dimensional Riemannian geometry, the Jacobi 
fields along c with initial values 

J(0) e TpN, J(0) + A^{J{0)) e T^N, 

which are called A''— Jacobi fields, describe completely the differential of the 
map Exp""". 

Now, let Tf : Tc{t)M — > Tc(s)M be the isomorphism between the tangent 
spaces given by parallel transport along a geodesic c. Since the parallel trans- 
port along c and V_a commute, we can rewrite the Jacobi equation relative 
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to N, as an initial value problem on TpM as follows 
r r"(<) + Rt{T{t)) = 0; 

\ T{0)iv,w) = («,0), T'(0)(«,H = {-A^iv),w), 

where 

i?t : TpM TpM, Rt{X) = T°(i?(T*(X), c(0)c(<)) 

is a family of symmetric operators of TpM . We will call the above differential 
equation Jacobi flow of c relative to N. One may also note that all maps 
defined by 

TpM X TpM R 

are symmetric; indeed $(0) is symmetric since is a symmetric operator, 
and 

mt){u),T'{t){w)) - ™M,r'(t)(u)))'^o. 

A point q = c{to) is called a monofocal point respectively an epifocal point of 
p = c(0) along c if T{to) fails to be injective respectively fails to be surjective. 
In general, we call a point q = c{to) a focal point of p along c when T{to) is 
not an isomorphism. One may note that this definition is equivalent to the 
Riemannian one. 

Now, let El and E2 be Banach spaces. A bounded linear operator T : 
El — > E2 is called Fredholm if it has a closed range and its kernel and co- 
kernel [cokerT = E2/T(Ei)) are finite dimensional. The index of T is the 
number ind T = dim KerT — dim cokerT. 

A smooth map between Banach manifolds / : M — > S is called Fredholm 
if for each p G M the derivative d{f)p : TpM — > Tfi^p-^N is a Fredholm 
operator. If M is connected then the ind {df)p is independent of p, and one 
defines the index of / by setting ind(/) = \iid{df)p (see [S], EBl)- One may 
note that if the map Exp"*" is well defined, then Exp"*" is a nonlinear Fredholm 
map if the Jacobi flow along any normal geodesic of N, describes a curve in 
the Fredholm operators for every i > 0. 

Now, we shall describe the adjoint operator of T{b), since we shall under- 
stand the behavior of the focal points of c(0) along the geodesic c. 

Let u G TpM and let J be the Jacobi field along the geodesic c such that 
J(&) = 0, V_s_ J(5) = Tg(u). By a lemma from Ambrose, see PP or ^21 Lemma 

Ot 

3.4 page 243, we have 

(1) {T{b){v,w),u)^{T{0){v,w),^o^J{0)) - {T'{0){v,w),J{0)). 
Let c{t) = c{b-t). Let 

r f"{t) + Rt{f{t)) = 0; 
\ f(0) = 0, T"(0) = id, 
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be the Jacobi flow of c relative to the submanifold A'' = {c(0)}. It is easy to 
check that if J is a Jacobi field along c, then J{t) ~ J{b — t) is the Jacobi field 
along c such that V e J{b) = —V a J(0). Then (1) becomes 

{T{b){v,w),u) = {{v,0),TS{f'{b){-r',{um 

- {{-A^{v),w),TS{f{b){-4iu)))), 

so the adjoint operator is given by 

{T*{b){u),{v,0)) = -{rSirib){T^iu))),iv,0)) 

+ {A^iP{rSifib){4iu)m,{v,0)), 
{T*{b)iu),{0,w)) = {r^{f{b){4{u))),{0,w)). 

Proposition 2.1. The kernel ofT{b) and the kernel ofT*{b) are isomorphic. 

Proof. Let w e TpM be such that T{b){w) = 0. The Jacobi field Y{t) = 
TQ{T{t){w)) vanishes a,t t = b. Then there exists a unique w G T^^i^-^M such 
that 

Y{b-t) = Tl-\f{t){w)). 

Using the boundary conditions oiY{t) we get T*(6)(r°(«;)) = 0. In particular 
the application 

/i : KerT{b) — > KerT*{b) 
w — > T^{w) 

is an injective linear map. 

Vice- versa, lot v e KerT*{b). We denote by 17 = Tq (i') and we consider the 
following Jacobi field Y{t) = Tl~\f{t){v)) along c. Since T*{b){v) = 0, there 
exists a unique e TpM such that Y{b -t)= T^(T(t)(6»)). Hence T{b){6) = 
since Y{0) = 0; moreover, the application 

f2:KerT*{b) — ^ KerT{b) 

V — >e 

is injective and one may note that /2 o fi = Id, thus concluding our proof. □ 

Proposition 2.2. Let {M, (•, •)) be a weak Riemannian Hilbert manifold with 
a smooth Levi-Civita connection V. Let N be a submanifold of M and let 

c : [0,b] > M be a normal geodesic of N, i.e. c(0) = p € N and ^ = 

c(0) G T^N. Assume also thatTpN is a closed subspace of {TpM, t) such that 
TpM = TpN e T^N. Then we have 

(1) if c{to) is not a monofocal of p along c, then the image ofT{to) is a 
dense subspace relative to the topology r induced by the metric (•, ■){p); 

(2) if c{to) is a monofocal of p along c then c{to) is an epifocal of p along 
c; 

(3) when N = {p} a point q = c(to) is a monofocal of p along c if and 
only if p is a monofocal point of q along c{t) — c{to — t); 
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(4) when N — {p} if a point q ~ c{to) is an epifocal of p along c and the 
image ofT(to) is a closed subspace of (TpM^r), thenp is a monofocal 
point of q along c{t) = c{to ~ t); 



(1) since KerT*{to) — 0, by Proposition l2.1l the closure of ImT{to) with 

respect to r' satisfying ImT{to) — 0. Now, one may note that t' 
makes TpM into a locally convex space and applying 3.10 and 3.5 
Theorems in we have the statement. 

(2) one may note that the adjoint of the Jacobi flow of c is the Jacobi 
flow of c; 

(3) since the image of T{to) is closed, then 5 is a monofocal point of p 
along c as well. Now, the statement follows from the above item. 



3. Focal Index lemma and Rauch and Berger comparison 



In the infinite dimensional case, the distribution of singular points of the 
exponential map along a geodesic of finite length is different from the finite 
dimensional case. Indeed, Grossman showed 8 how the distribution of mono- 
conjugate points can have cluster points. The following example proves that 
the same situation may occur in the case of focal points along a geodesic of 
finite length. 

Example 3.1. Let M = {x & I2 ■ xf + X2 + X^i^s ^i^l = 1}' where (ai)igN 
is a positive sequence of real numbers. M is a Riemannian Hilbert manifold 
and it is easy to check that 



is a geodesic and Ty(^s)M —< 7(3), 63, 64, . . . >. Let be a submanifold 
defined by 7(0). We shall restrict ourselves to the normal A^— Jacobi fields, 
i.e. the Jacobi fields which satisfy (J(0), c(0)) — . Since for fc > 3 



is a closed totally geodesic submanifold of M, the sectional curvature of the 
plane < 7(3), e^- > is given by K{'y{s),ek) = Ok and consequently the Jacobi 
fields with boundary conditions ./fe(0) — Ck, "S/ d_Jk{0) = 0, are given by 

dt 

Jk{t) = cos{^/akt)ek- Hence 



Proof. 



□ 



theorems in weak Riemannian geometry 



7(5) — sin(s)ei + cos(s)e2 



Ek := {xl + xl + Qkxl = 1} ^ M 



00 



00 
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Clearly, the points 7(?'™), where r™ — 2^=, m e N, are monofocal of 62 

r: 

are monofocal of 62 along 7, s^; ^ and 



along 7. Specifically, let a/c = (1 — The points 7(5^), where Sk — 2{k-i) ' 



00 00 /i; 1 

d(Exp-L)^^(o)(^ 6fcefe) = ^6fcC0s(— ^-)efc. 

k=3 k=3 

Hence 7(§) is not monofocal of 62 along 7. On the other hand if X^fcLa i^/j = 
rf(Exp-'-)^^(o)(X]^3 bkek), then sin(^)feA; = i, so we have 

lim bk = lim —— — — = — . 

fc^oo fc^oo 2k Sin(2jr) TT TT 

This means that 7(-|) is an epifocal point of 62 along 7. 

This example shows that there exist epifocal points which are not mono- 
focal. We call them pathological points. Clearly, if the exponential map is a 
non-linear Fredholm map, and then it is necessarily of zero index, monocon- 
jugate points and epiconjugate points along geodesies coincide. This holds for 
the Hilbert manifold ri(M") (see ^21) with the Riemannian structure. 

Now we shall prove the Focal Index Lemma. 

Let TV be a submanifold of M and let c : [0,5] — > M be a geodesic of M. 
Assume that c(0) ^ p e N, ^ = c(0) S T^N, TpN is a closed subspace of 
(TpM, r) and finally TpM = TpN Tj^N. 

Let X : [0,6] — > TpM, such that X{0) G TpN. We define the focal index 
form of X as follows: 

I^iX,X) = j;;{Xit),X{t))-{RtiXit)),X{t))dt 
- {A^{X{0)),X{Q)). 

One can note that any vector field along c is the parallel transport of unique 
application X : [0,5] — > TpM. We will denote by X{t) — Tq{X) the vector 
field along c starting from X. 

Lemma 3.2. l'^(X,X) = D'^ E {c) (X ,lC) , where D'^E{c) is the index form 
ofB^NxM^Mx M. 

Proof. We recall that 

D^E{c)(X,X) = r II VjtXit) f - (X{t),R(X{t),c{t))cit))dt 
Jo 

- ((A(,(o),_,(,))(X(0),X(6)), (X{0),Xm), 

see 122], where A is the Weingarten operator oi N x AI ^ M x M and 
((•,•)) is the natural weak Riemannian structure on M x M induced by (•,•). 
Hence, it is enough to prove that \7 _o_X{t) — TQ{X{t)). Let Z{t) be a parallel 
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transport of a vector Z G TpM. Then 

{^^x{t\z{t)) = {x{t),z{t)Y 
= {x{t),z) 
= {4{x{t)),z{t)). 

□ 

Lemma 3.3. (Focal Index Lemma) Let c : [0, b] — > M be a geodesic 
with a finite number of pathological points on its interior. Then for every 
vector field Z along c with Z(0) € TpN, the index form of X relative to the 
submanifold N X M ^ M x M, satisfies D'^E{c){Z, Z) > D'^E{c){J, J), where 
J is the N-Jacobi field such that J{b) ~ X(b). 

Proof. First of all we shall assume that there are no focal points of c(0) along 
c. 

We know that Z ^X where X : [0, b] — > TpM. Since T{t) is invertible, 
there exists a piecewise diffcrcntiable application Y : [0, b] — > TpM such that 
Y{0) = X{0) G TpN and X{t) = T{t){Y{t)). Hence 

Xit)=T'it)iYit)) + T{t){Y{t))=A{t) + B{t). 

The focal index form of X is given by 

= fl(A{t),A{t)) + 2{A{t),B{t)) + {B{t),B{t))dt 

- S^,{R^{T{t){Y{t))),T{t){Ymdt - (Ae(X(0)),X(0)). 

One can prove that 

{A{t),A{t)) = {T{t){Y{t)),T'{t){Y{t))' 
- 2{B{t),A{t)) 

+ {TmYit)).Rt{T{t){Ym) 



since the bilinear form <I>(t) is symmetric. Hence, the focal index form of X 
is given by 

I^{X,X) = (r(l)(u),T'(l)(H)> + t \\T{t){Y{t))fdt. 

Jo 

This proves the Focal Index Lemma in this case. Moreover, if there are no 
focal points along c, the focal index of a vector field Z, with Z{0) G TpN 
along c is equal to the focal index of the A^— Jacobi field J along c such that 
Z{b) = J{b) if and only if Z = J. 

Now, assume that there exists a pathological point on the interior of c; this 
means that the Jacobi flow is an isomorphism for every t ^ to in (0, b) and 
when t = to, by Proposition 12.21 fl). T{to) is a hnear operator whose image 
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is a dense subspace. Let X : [0,6] — > TpM be a piece wise differentiable 
application with X{0) G TpN. Given e > 0, there exist X^, n = 1, 2 such that 

II T{t,)iXt))~X{t,)) ||<| 
\\T{to){X^))-X{to)) ||<t. 

Choose such that 

II T{Q{Y-)-r{t,){Xt) ||<1. 

Hence there exists 77(e) < | such that for t E {ri{e) — to,'ri{e) + to) we have 

(1) \\T{t)iXt + {t~to)iXI-Y^))-X{t) \\<e, 

(2) II j^imiXt + {t- to){X^ - Y^ jj) - X{t) \\< e. 

We denote by X*^ the apphcation 

C X{t) if 0<t<to - 77(e); 
X'{t) = \ T{t){Xl + {t-to)iXI-Y')) to ~ v{<^) < t < to + vie); 

[ X(t) if to - rj(f) <t<b. 

Since X^ — T{t){Y{t)), where Y{t) is a piecewise differentiable application, 
except at the points t = to + (??(e) and t = to — ??(e), we have 

7^(X%X^)>7^(T(t)(«),T(t)(«)). 
On the other hand, the Focal Index of X is given by 
I{X,X) = 7(X^X^) 

- {x^(i),x'(t)) - (R{x^it),c{t))cit),x^{t))dt 

+ //;_+;W{X(t),X(t)> - {R{Xit),c{t))c{t),X{t))dt. 
Now, using (1) and (2) it is easy to check that 

limI^{X\X')=I^{X,X) > I^{J,J), 

where J{t) = T{t){u). This proves the Focal Index Lemma if there is only one 
pathological point. However, one can generalize easily the above proof to a 

finite number of pathological points. □ 

Corollary 3.4. Let (M, (•, •)) be a weak Rieraannian Hilbert manifold and 
let S and E be two submanifolds of codimension 1. Assume that there exists 
p G S nT, such that TpT, = TpS is a closed subspace of (TpM^r). We denote 
by N and N the normal vector fields to S and S respectively. Suppose also 
that 

{VxN,X) < {VxN,X), 
for every X e T^S = TpS. Then, if the Jacobi flow T of S is invertible in 
(0,6), then the Jacobi flow ofE must be infective in (0,6). Moreover, if M is 
a Riemannian Hilbert manifold, assuming A — A is invertible, where A and 
A are the Weingarten operators at p of S and S respectively, then the Jacobi 
flow ofT, is also invertible in (0,6). 
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Proof. Let s e (0, b) and let Y{t) be a S-Jacobi field. Since T{t) is invertible 
in (0, b), there exists a piecewise differentiable application X : [0, s] — > TpM 
with X(0) e TpS" such that Y{t) = T{t){X{t)). Hence 

Y{0) = T(0)(X(0)) 
_ y(0) = T'(0)(X(0)) + T(0)(X(0)) 

(-A(r(o)),p„(r(o))) = (-A(x(o)) + P(x(o)),o) 

where P„ is the projection of TpM onto Tp^E. Therefore, Y{0) = X(0) and 
the tangent component of X(Q) is given by {A — A){X{0)). Then, 

{Y{s),V^Y{s)) = I'{Y,Y) 

= {{A~A){Xm,XiO))+J^ \\T{t){X{t))f dt 
> 0. 

In particular, the Jacobi flow of S is injective in (0, b). If ^ — A is invertible, 
then £{Y{s), Y{s)) >\\{A^A)^ \\-^\\ Y{0) IP, so || T{s){w) |P> C || w f . 
In the Riemannian context, one can prove that the image of the Jacobi flow 
relative to S is a closed subspace for every s € (0, b) so the Jacobi flow must be 
invertible in (0, b) since {ImT{s))^ = KerT*{s) = 0, by PropositionO □ 

Theorem 3.5. Let (Af, (•, •)), [N, (•, •)*) be weak Riemannian Hilbert mani- 
folds with a Levi-Civita connections, modeled on Hi and H2 respectively, with 
Hi isometric to a closed subspace 0/H2. We denote by K^^ (X,Y), respec- 
tively {Z,W) the sectional curvature of M relative the plane generated by 
X, Y, respectively the sectional curvature of N relative the plane generated by 
Z, W. Let 

c : [0, a] — > M, c* : [0, a] — > N 

be geodesies of equal length. Suppose that that for every t G [0, a] and for 
every X G T^^^-fM, Xq £ Tf.,i^i-^N we have 

K^iXo,c*{t))>K^'{X,c{t)). 

Hence we have: 

(1) (Rauch) assume that c* has at most a finite number of pathological 
points of c* (0) along c* . Let J and J* be Jacobi fields along c and c* 
.such that J(0) and J* (0) are tangent to c and c* respectively and 

. II J(0) 11=11 J*(0) r; 

• (c(0),Va J(0)) = (c*(0),Vo J*(0))*; 

at at 

. ||VaJ(0) |h||VaJ*(0) II*. 

at at 

Then, for every i G [0, a] 

II J{t) \\>\\ J*{t) ir; 

(2) (Berger) assume c* has at most a finite number of phatological focal 
points of c* (0) along c* , with respect the submanifold N defined by 
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c*(0). Let J and J* be Jacobi fields along c and c* satisfying V e_J{0) 
and \/ a J* (0) are tangent to c(0) and c* (0) and 

• l|V^J(0) Ihll VoJ*(0) 11% 

. (c(0), J(0)) = (c*(0), J*(0))% II J(0) 11 = 11 J*(0) II*. 
Then 

II J{t) \\>\\ J*{t) \\*, 

for every t G [0, a]. 
(3) The index of D'^E(c*) is greater than the index + the nullity of the 
index form D^E{c). 

Proof. We shall proof briefly the Rauch Theorem, since one may proof likewise 
the Berger Theorem, and we shall discuss the third item. 

One may note that we can assume that the Jacobi fields satisfy 

II J(0) 11= (c(0), V a J(0)) =11 J*(0) |r= (C*(0), V a J*(0))* = 0, 

since the first and the second conditions imply {J{t),c{t)) = {J* (t) , c* (t))* , 
which means that the norm of the component of J along c is equal to the 
norm of the component of J* along c* . We note also, by assumption, that 
J* (t) ^ for every t G (0, a]. Let to S (0, a] and let F be an isometry which 
satisfies 

F:T,(o)M^T,.(o)iV 

F(m) = c*{o) 

i^«(J(0)) = x?„G/*(to))^f^ 

where xl is the parallel transport from c* (s) to c* {t) along c* , and we consider 
the following curve of isometrics 

<t <to- Let W{t) = it{J{t)). Put Co = C|[o,t„] and c* = c*jq Then 
D''E{cl){W,W) = Sl'\\VjLW{t)r' - {R''{c'{t),W{t))c'{t),W{t)rdt 



< fo° II V^J(*) f -(i?^(c(t),J(t))cW, J(t))dt 
= D''E{c„){J,J). 



In particular we have 

i|i,=t„(j(i),j(t)) = (j(to),v^j(a 

= D^E{co){J,J) 

> D'^E{cl){W,W) 



- ^ ii^*(io)r' II j*(io)r^' 
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where the last inequahty is given by the Focal Index Lemma. Since J* {t) is a 
Jacobi field we have D'^E{cl) = {J* {to),V jlJ* {to))\ so 

Ot 



dt ^ " II j*(to 

Hence given e > 0, for every t > e we have 

|iog(ii .m iP)>|iog(ii rit) r% 



Integration over [e,t\, yields 



j{t) IP ^ II j*{t) 



II Ji^) IP - II J*ie) \A' 
Since || V a J(0) || = || V a J*(0) ||* we get our inequality. 

What does it means that the index of D^E{c*) is greater than the index + 
the nullity of D^E{c)? 

Let io : Tci^o)M — > T^-^o^N be an isometry such that io{c{0)) = c*(0). We 
define, for each t E [0, b], the isometry 

it ^ o io o xt ■■ Tc(t)M — > Tc*(t)N. 

Let X be a vector field along c. We may consider the vector field i{X){t) = 
it{X{t)) along c* and one can prove that 

D^E{c){X,X) > D^E{c){i{X),i{X)), 



by the assumption on the sectional curvatures. Then if [/ is a subspace on 

t(U) 



which D'^E{c) < then D'^E{c*),nn < 0. □ 



4. The free loop space of a finite dimensional Riemannian 

manifold 

Let (M", (•,•)) be a compact Riemannian manifold of dimension n. We 
recall that fJ(M") = ifi(5'\ M") is the set of maps of Sobolev class from 

into Af". It can be given the structure of an infinite dimensional Hilbert 
manifold and the tangent space Ta-ft{M") at a point cr £ r2(M") consist 
of periodic vector fields along 7. One defines the weak Riemannian 
structure on 17 (M") by setting 



{X,Y){a) = / {X{t),Y{t))dt 

where X,Y € T^n{M"-). It is well known, see T or TO, that the metric 
has a Levi-Civita connection which is determined pointwise by the Levi-Civita 
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connection of M". Moreover, the curvature R is given pointwise by the 
tensor curvature of M", so the sectional curvature is given by 

K{X,Y)^ [ K'^'"{X{t),Y{t))dt. 

If M" has positive sectional curvature, i.e. K^^ > Kq > 0, then Q{M) 
has positive sectional curvature since 

^a(M") > j^^2tt = Ki. In particular 
there exist at least a conjugate point along any geodesic of length greater 
than and its index is infinite. Indeed, let 7 : [0, 1] — > r2(M") be a 

geodesic with length / > -^7^- Let S T^(o)^(-^") be a unit vector such that 
{v,w){'-f{0)) = 0. Let W{t) = sin{tn)V{t), where V is the parallel transport 
along 7 of V. One can verify that D'^E{'y){W,W) < 0, so, by Focal Index 
Lemma, we have at least a singularity of the exponential map and it cannot 
be an isolated pathological point. The fact that the index is infinite follows 
comparing 51 (M") with the manifold 

S^ eMxT^(o)r!(M") : + (Y,Y){j{0)) ^ ^} 

V -^1 

which is a weak Riemannian Hilbert manifold of a constant sectional curva- 
ture Ki. Note that the same argument works if we consider A'' the subma- 
nifold defined by 7(0). Indeed, one verifies that D'^E{'j){W,W) < 0, where 
W{t) = cos{t^)V{t). This fact is in contrast with the Riemannian point of 
view, i.e. ri(M") endowed by the metric, since Misiolek proved ^7] that 
the exponential map is a non-linear Fredholm map and any geodesic of finite 
length has finite index. 

Suppose now M" = G is a non-abelian compact Lie group. In this case we 
get a simple expression for the Levi-Civita connection 

Vxr = i[x,r] 

and therefore, for the curvature tensor 

R{X,Y)Z ^-^[[X,Y],Z]. 

Consequently, any one-parameter subgroup of n{G) is a geodesic of the 
metric and the exponential map is defined on the whole tangent space. More- 
over, if X, Y and Z are parallel vector fields along a geodesic c then R{X, Y)Z 
is parallel along c as well (see ^31 and \15\). 

It is well known, see [H], that Lie (G)= 3 ® gs, where Qs is the maximal 
semisimple ideal of Lie(G) and 3 is the Lie algebra of the center of G. Since 
2s is semisimple, it has a subalgebra i)a isomorphic to su(2). We denote by 
Aa, Ba and Gq the standard generators of 5u(2). Then 
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Let c be the one-parameter subgroup of Q{G) generated by -^Ba. Now, as in 
[TF| p. 2480-2481, one can prove that the vector fields Yk{t) = sm{—^)TQ{wk) , 
where wj.{x) = sin kxA^ is an eigenvector of -^=Ba)^Ba with the 
eigenvalue A = are linearly independent Jacobi fields along c. Then the 
kernel of '^{^^Vc)-n^/2TrB infinite dimensional. In particularly ri[G) has at 
least a monoconjugate point along c and the exponential map cannot be Fred- 
holm. Moreover, the vectors fields Lk{t) = cos(-^^)Tg(wfe), are A^— Jacobi 
fields along c, where N is the submanifold defined by c(0), so the kernel 
d(Exp ) „V2^R is infinite dimensional. Hence, there exists a monofocal point 

along c and the application Exp^ : T-^N — > M, which is well-defined in this 
case, fails to be Fredholm. 

The author thank Professors Francesco Mercuri and Paolo Piccione for 
many useful conversations on the subject, as well the referee for helpful sug- 
gestions. I thank Professors Gerard Misiolek and Christopher J. Atkin for 
useful remarks. I also thank Professor Alessandro Ghigi for his support and 
for his continuing interest in my work. 
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